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This paper presents a method for designing certain types of bridge tourna- 
ments which are known in the literature as balanced Howell rotations. We show 
that if n E 0 mod 4, then the existence of such a rotation on n partnerships 
implies the existence of an n x n Hadamard matrix, and we succeed in de- 
signing complete, balanced Howell rotations whenever n = 0 mod 4 and n - 1 
is a prime-power. 
I. INTR~OUCTION 
Parker and Mood [2] defined a balanced Howell rotation by the 
following three conditions: 
(a) Every partnership opposes every other partnership on exactly one 
board. 
(b) Every partnership plays every board once, and only one board at 
a time. 
(c) Every partnership competes equally often with every other 
partnership. 
In addition, there is the tacit assumption: 
(d) Every partnership has unique opponents on each board that they 
play, and each board is played by at most two partnerships on any round. 
Every board has a NS direction and an EW direction. Partnership 1 is 
said to compete against partnership 2 on a particular board if they play 
the board in the same direction. Thus, although boards are played against 
opponents, they are scored against competitors. Because of this, the 
directions in which bridge boards are played assume an importance 
which does not arise in tournaments for other games. Because of restric- 
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tion (c), the construction of balanced Howell movements has proved 
quite difficult. Parker and Mood [2] wrote: “Unfortunately we have no 
general method for finding these rotations. All were obtained by trial 
and error and it was just luck or perseverance that the natural first choice 
of permutations worked out before we gave up.” They designed balanced 
Howell rotations for 8, 12, and 16 partnerships. They also showed that, 
if n > 2 and n = 2 mod 4, then no tournament satisfying conditions (a), 
(b), and (c) for n partnerships exists. For these values of n, the natural 
next step is to search for rotations satisfying conditions (b), (c), and (a’), 
where 
(a’) Every partnership opposes every other partnership exactly twice. 
For an odd number of partnerships, condition (b) cannot be satisfied, 
and we must replace it with (b’). 
(b’) Every partnership skips one board and plays every other board 
once. 
Mathematically, we find it convenient to specify a balanced Howell 
movement in terms of three sets and two functions: X, the set of partner- 
ships; Y, the set of boards; R, the set of rounds; F(x, v), the round function, 
which specifies the round on which pair x plays or byes board y; and 
S(x, y), the direction function, which specifies the direction (or bye) on 
which pair x plays board y. We take the elements in the range of the 
function S to be (0, + 1, -I}. 0 represents a bye; +I, North-South; 
- 1, East-West. 
When the previous conditions are translated into these terms, we then 
have the following mathematical definition: 
DEFINITION. A balanced Howell movement consists of three finite sets, 
X, Y, and R, with I X / = n and 
I 
n, if n-1(2), 
IYI= n-l, if n = O(4), 
2(n - l), if n = 2(4), 
and two functions. P: X x Y-t R and S: X x YQO, +l, -I}, 
satisfying the following conditions: 
(A) If n + 2(4), VX,+ VX’ # X, 3 ! y s.t. F(x, y) = J’(x,’ u). Further- 
more, S(X’, v) = -S(X, y) # 0. If n E 2(4), VX, Vx’ # x, 3 exactly two 
y’s s.t. F(x, y) = F(x’, y). Furthermore, S(X’, v) = -S(X, y) # 0 for each 
of these two y’s. 
t We assume throughout that x E A’, y  E Y, r E R. Thus Vx, means for all x in X, etc. 
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(B) Vx, Vy, F(x, y) = F(x, y’) 3 y = y’. If IZ = O(2), then Range 
S = {+l, --I}. If n = l(2), then Vx, 3! y s.t. S&y) = 0. 
(C) vx, Vx’ # x, c, S(x, y) S(x’, y) = - 1. 
(D) Vy, Vr, if 3x s.t. F(x, y) = r and S(x, v) # 0, then 3 ! x’ # x 
s.t. F(x’, JJ) = r and S(x’, JJ) # 0. Furthermore, S(x’, u) = --S(x, y). 
A balanced Howell rotation with n = 4 is given in Figure 1. 
X 
\ 
1 2 3 
Y 
4 
1 1+ 4-t l- 4- 
2 2+ 5- 5+ 2- 
3 3+ 3- 6- 6+ 
FIG. 1. F&y) and S(x,y) for a balanced Howell rotation on 4 partnerships. 
We define a complete balanced Howell rotation as one in which 
I R I = I Y 1. The rotation of Figure 1 is incomplete, because j R 1 = 6, 
I Y I = 3. Each pair must sit idle on half of the rounds. 
If 12 = O(4), the it x IZ matrix obtained by annexing a row of +1’s to 
the (n - 1) x n matrix 8(x, y) is self-orthogonal, or Hadamard. This 
observation gives a new proof of the Parker-Mood result that there exist 
no rotations satisfying conditions (a), (b), (c), and (d) unless n = 2 or 
n = O(4). It also suggests that we may attempt to use the known 
construction for Hadamard S(x, y) as part of a construction for a balanced 
Howell rotation. In some cases, this approach has proved successful. 
An example is shown in Figure 2, which is a special case of Theorem 1. 
Y\” 
0 
4 
5 
6 
- 
o- o+ l+ 2+ 4- 4+ 2- I- 
3-1 4-l 3+) 4+/ 5+( 0-I Ocl 5--IEW 
FIG. 2. F(x, y) and S&y) for a complete balanced Howell rotation on 8 part- 
nerships. 
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II. CONSTRUCTION OF AN INFINITE CLASS OF 
COMPLETE BALANCED HOWELL ROTATIONS 
THEOREM 1. If n = O(4) and n - 1 = p’” ;y 3, where p is prime, then 
there exists a complete balanced Howell rotation on II partnerships, given by 
Y = R = GF(pn”), the Galoisjield of order pm, 
X = GF(p”“) u co, 
+1, if x = y, 
%Y) = -1, 
I 
if x = cc, 
x(x - Y), otherwise, 
where 
i 
0, if z=O, 
x(z) = 1, ifz is a quad. residue in GF(p”), 
-1, if’z is a quad. nonresidue in GF(p”), 
aY + (x - Y> x(x - Y), 
F(xy y) = I,, 
if xfco. 
if x = a; 
where OL is an element in GF(pm) satisfying x(c2 - 1) = 1. 
Proof. We first observe that, for all pm = --l(4), and pm > 3, the 
theory of cyclotomy guarantees the existence of an element 01 having the 
specified properties. For details, see Hall [I, pp.147-1661. 
(A) The equation F(x, y) = I;&, y) usually becomes 
(x - Y> x(x - Y> = (x’ - Y> x(x’ - Y> 
or 
x - x’x(b - YIW - VI) = YV - x0x - Ylb’ - YIN. 
Since x([x - y][x’ - y]) = 1 gives x - x’ = 0 ,we must have 
whence 
x(Ix - YIW - Yl) = -1, 
x + x’ 
y=-----9 2 
which is consistent with x([x - y][x’ - y]) = x(-l) = -1. Therefore 
y = (x + x1)/2 is the unique solution if x # m and x’ # co. We then 
have 
S(x', y) = x (+) = -x (V) = 4(x, y). 
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In the exceptional case of x = co, we have F(co, y) = F(x’, v) becomes 
0 = (x’ - JJ) x(x’ - y) with unique solution y = x’. We then have 
8(x’, y) = 1, S(x, y) = - 1. 
(B) If x = oc), r = o~y. Since x(- 1) = - 1, CL # 0 and we have the 
unique solution, y = r/a. If x # co, we must have either 
r=oly+x-y and x(x - y) = 1 or 0 
or 
r=oly-x+y and x(x-y)= -1 or 0. 
The first case is equivalent to 
r-x 
Y= a-1 
and x ($$) = 1 or 0. 
The second case is equivalent to 
r+x y=- 
a+1 
and x(s)=-lor0. 
Since 
x(a2 - 1) = 1, x (5) = x ((S) (a” - I)) = x (5) 
so we have the unique solution 
t 
r-x 
al--l’ 
Y= 
if x ($$f+-) = 1 or 0, 
r+x 
37’ if x(w) = -1orO. 
(C) Well-known from the theory of cyclotomy. For details, see Hall 
11, P. 141 (Type Q)I. 
(D) Implied by (A). Q.E.D. 
Remark. The restriction pm > 3 is necessary, for it is easily shown that 
there does not exist any balanced complete Howell rotation on 4 partner- 
ships. 
THEOREM 2. If n = -l(4) and n = pm, where p is a prime, then there 
exists a complete balanced Howell rotation on n partnerships. For n > 3, 
such a rotation is given by 
Y = X = R = GF(pn”), 
% Y> = x(x - Y>> 
F(x, Y) = ~IY + (x - Y> x(x - Y), 
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where a: E GF(p”) and satisfies x(cy2 - 1) = 1. For n = 3, the rotation is 
given by F(x, y); S(x, y) as shown in Figure 3. 
170 1+ l- 
2- 230 2+ 
3+ 3- 3,o 
FIGURE 3 
Since the proof of Theorem 2 is virtually the same as the proof of 
Theorem 1, it is omitted. 
Although a complete balanced Howell rotation is completely specified 
by the functions F(x, y) and S(x, y), there remains the logistic problem of 
assigning the players and boards to positions at tables. We thus introduce 
the function G : X x Y -+ T, where T is the set of tables, 1 T 1 = n/2 if 
n even, or (n + 1)/2 if n odd. For consistency, we require 
(E) If F(x, y) = 10(x’, y) and S(x, y) S(x’, y) = - 1, 
then G(x, y) = G(x’, y). 
(Partnerships playing the same board on the same round are 
assigned to the same table.) 
(F) If G(x, Y> = W’, Y’) and F(x, Y> = FW, Y’), 
then S(x, y) S(x’, y’) = - 1 and y = y’. 
(Partnerships sitting at the same table at the same time are playing 
the same board.) 
Given functions F and S satisfying conditions (A) through (D), a 
function G satisfying (E) and (F) may be constructed without difficulty. 
For any given partnership, x, condition (B), ensures that the board y is a 
function of the round, r, so we may define new functions, g(x, r), and 
s(x, r) which specify the table and the direction to which partnership x is 
assigned on round r: 
g(x, r> = G(x, Y) 
4x, r> = S(x, Y> I where y is the solution of F(x, y) = r. 
DEFINITION. A complete balanced Howell rotation is said to be cyclic 
iff R is a set of 1 R j consecutive integers and 
g(x, r + 1) = h(&, r>; 4x, rh 
s(x, r + 1) = &g(x, r>; 4x, r>>, 
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for all but the largest r in R, where h and 5 are some functions 
h:TxS+T, 
SZTX S-S. 
Cyclic movements have the property that the position to which any pair 
should move on the next round depends only on their present position. 
This property greatly simplifies the managerial problem of tournament 
direction, for it greatly reduces the chance that partnerships will inadver- 
tently move to the wrong tables and start playing the wrong boards. 
THEOREM 3. When m = 1, the tournaments of Theorem 1 and 2 are 
cyclic, with 
-1, ifx = co, 
s(x, r) = x (s), if 1 X 1 odd or if xol # r, 
fl, ifI Xi even andxar = r, 
0, ifx = a, 
g(x, r> = 
I 
xa - r 
-1 + 01*s(x,r) ’ 
otherwise, 
-1, if t = 0 ands = -1, 
&, s) = x ( 
ifIXIoddorifst#-&-, 
fl, 
1 
[f 1 X 1 even and st = - , 
Ci--s 
I 
0, if t = 0 ands = -1, 
h(t, s) = 
( 
otherwise. 
The proof of Theorem 3 is immediate. For example, in the tournament 
of Figure 2, the four tables may be numbered 0, 1, 2, and 4. The pairs 
then move in the following cycles: 
,-+ OTW, ~,+ONS+2EW+4EW+2NS+ lEW-+ lNS+4NS, 
If we introduce the “non-playing tables” 3, 5, and 6, then the boards 
move in a natural cycle as follows: 
O-+1-+2-+3+4-+5-+6 
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All of the tournaments of Theorems 1 and 2 which have m = 1 have the 
property that the boards move in a natural cycle which includes both 
playing and non-playing tables. 
REFERENCES 
1. M. HALL, Combinatorial Theory, Blaisdell, Waltham, Mass., 1967. 
2. E. T. PARKER AND A. N. Moor (1955), Some balanced Howell rotations for duplicate 
bridge sessions, Amer. Math. Monthly 62 (1955), 714-716. 
